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We investigate the quantum correlation via measurement-induced-nonlocality (MIN) for Dirac particles 
in Garﬁnkle–Horowitz–Strominger (GHS) dilation space–time. It is shown that the physical accessible 
quantum correlation decreases as the dilation parameter increases monotonically. Unlike the case of 
scalar ﬁelds, the physical accessible correlation is not zero when the Hawking temperature is inﬁnite 
owing to the Pauli exclusion principle and the differences between Fermi–Dirac and Bose–Einstein 
statistics. Meanwhile, the boundary of MIN related to Bell-violation is derived, which indicates that MIN 
is more general than quantum nonlocality captured by the violation of Bell-inequality. As a by-product, a 
tenable quantitative relation about MIN redistribution is obtained whatever the dilation parameter is. In 
addition, it is worth emphasizing that the underlying reason why the physical accessible correlation and 
mutual information decrease is that they are redistributed to the physical inaccessible regions.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
The combination of relativity theory and quantum information 
science has received considerable attention [1–8] in recent years, 
since it not only leads us to a deeper explanation of quantum me-
chanics but also provides a new way to comprehend the informa-
tion paradox when black holes [9–13] are involved. For example, 
Pan et al. investigated the effect of Hawking temperature on the 
entanglement and teleportation for the scalar ﬁeld in an asymptot-
ically ﬂat black hole with spherical symmetry [14]. Downes et al. 
studied the entangling moving cavities in noninertial frames [15]. 
More recently, Iizuka and Kabat discussed the mutual information 
of two Hawking particles emitted consecutively by an evaporating 
black hole [7]. Particularly, it is worth noticing that since the inves-
tigation of quantum correlation in the background of a Garﬁnkle–
Horowitz–Strominger (GHS) dilation black hole can be related to 
quantum information theory, string theory and loop quantum grav-
ity [16,17], it is considered to be a better understanding of black 
holes in the perspective of quantum mechanics.
On the other hand, nonlocality is a fundamental feature of 
quantum states not available in the classical world, and has many 
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SCOAP3.intriguing and subtle manifestations. In general, most researchers 
explore the quantum nonlocality by means of Bell-inequality which 
is satisﬁed by any local hidden variable theory. Recently, Luo and 
Fu [18] introduced a geometric measure of nonlocality, named 
measurement-induced-nonlocality (MIN), which is based on the 
consideration that measurements in quantum mechanics usually 
cause disturbance. MIN is a more general kind of correlation in 
some sense and is deﬁned via maximizing the Hilbert–Schmidt 
distance between the pre- and post-measurement states under 
certain constraint. Enlightened by that, in this article, we inves-
tigate quantum correlation for Dirac particles in the background 
of a GHS dilation black hole. Our attention is focused on ﬁnding 
some signiﬁcant rules about MIN and quantum mutual informa-
tion redistribution. The problem is illustrated in a situation that 
two observers, Alice and Bob, share a Werner state at the same 
initial point in ﬂat Minkowski space–time. At one moment, Alice 
remains at the asymptotically ﬂat region but Bob freely falls to-
ward a dilation black hole and locates near the event horizon. We 
explore quantum correlation in detail and ﬁnd some interesting 
properties in this background.
The organization of this paper is as follows. In section 2, we de-
duce the vacuum structure for Dirac ﬁelds in GHS dilation space–
time. In section 3, MIN and mutual information for Dirac particles 
in the background of a GHS dilation black hole are discussed in 
detail. Finally a conclusion is given in the section 4. under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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in GHS dilation space–time
In this section, we deduce the vacuum structure for Dirac par-
ticles in the background of a GHS dilation black hole by using 
the similar research method of Schwarzschild space–time [19]. The 
spherically symmetric line element of the GHS black hole can be 
written as [20,21]
ds2 = −
(
r − 2M
r − 2D
)
dt2 +
(
r − 2M
r − 2D
)−1
dr2
+ r(r − 2D)(dθ2 + sin2 θdφ2), (1)
where M and D are parameters related to the mass of black hole 
and dilation ﬁeld, consider G , c, h¯ and κB as unity in this paper 
for simplicity. The relationship among M , the charge Q and D is 
given by D = Q 2/2M .
In the curved space–time, Dirac equation is described as [22][
γ aeμa (∂μ + μ)
]
ψ = 0, (2)
where γ a is the Dirac matrices, eμa corresponds to the inverse of 
the tetrad eaμ and μ represents the spin connection coeﬃcient. 
Introducing a tortoise coordinate
r∗ = r + 2(M − D) ln
[
(r − 2M)/(2M − 2D)], (3)
deﬁning the retarded time u and advanced time v
u = t − r∗ v = t + r∗. (4)
Then, by solving the Dirac equation in the GHS dilation space–
time, we can obtain the positive (fermions) frequency outgoing 
solutions outside and inside regions of the event horizon χ I+k =
e−iωi u and χ II+k = eiωi u , where  is a 4-component Dirac spinor 
and ωi represents the monochromatic frequency of the Dirac ﬁeld. 
Obviously, χ I±k and χ
II±
k form a complete orthogonal family. So, 
we can expand the Dirac ﬁeld χout as
χout =
∑
i,ξ
∫
dk
[
aξkχ
ξ+
k + b
ξ∗
k χ
ξ−
k
]
, (5)
where ξ = (I, II), aIk and bI∗k correspond to the fermion annihila-
tion and antifermion creation operators acting on the state of the 
exterior region, and aIIk and b
II∗
k are the fermion annihilation and 
antifermion creation operators acting on the state of the interior 
region, respectively.
On the other hand, the generalized light-like Kruskal coordi-
nates U and V for the GHS dilation space–time [23] is introduced
u = −(4M − 4D) ln[−U/(4M − 4D)],
v = (4M − 4D) ln[V /(4M − 4D)], if r > r+;
u = −(4M − 4D) ln[U/(4M − 4D)],
v = (4M − 4D) ln[V /(4M − 4D)], if r < r+. (6)
Then, utilizing the relationship between Kruskal coordinates and 
black hole coordinates, we can obtain a complete basis for positive 
energy modes which are analytic for all real U and V by making 
an analytic continuation for χ I±k and χ
II±
k according to the sugges-
tion of Damour–Ruﬃni
δ I+k = e
2(M−D)πωiχ I+k + e
−2(M−D)πωiχ II−−k ,
δ I I+ = e−2(M−D)πωiχ I− + e2(M−D)πωiχ II+. (7)k −k kConsidering them as new basis, we can expand the Dirac ﬁelds 
in the Kruskal space–time
χout =
∑
i,ξ
dk[2cosh(4(M − D)πωi)]−1/2[ξkδξ+k + ηξ∗k δξ−k ], (8)
where ξk and η
ξ∗
k represent the annihilation and creation opera-
tors acting on the Kruskal vacuum. Eqs. (5) and (8) correspond to 
the decomposition of the Dirac ﬁelds in GHS dilation and Kruskal 
modes respectively, then the appropriate Bogoliubov transforma-
tions [24] between the creation and annihilation operators in the 
GHS dilation and Kruskal coordinates can be obtained. Considering 
the orthonormality of modes, each annihilation operator Ik can be 
obtained as a combination of dilation particle operators of only 
one frequency ωi [25,26]
Ik =
[
e−8(M−D)πωi + 1]−1/2aIk − [e8(M−D)πωi + 1]−1/2bII∗k . (9)
Since the GHS dilation space–time can be divided to the physi-
cal inaccessible and accessible region, the mode of ground state in 
a GHS dilation black hole coordinate corresponds to a two-mode 
squeezed state in Kruskal coordinate. After properly normalizing 
the state vector, the vacuum state of the Kruskal particle for mode 
k can be expressed as
|0k〉+K =
[
e−8(M−D)πωi + 1]−1/2|0k〉+I |0−k〉−II
+ [e8(M−D)πωi + 1]−1/2|1k〉+I |1−k〉−II , (10)
where {|nk〉+I } and {|n−k〉−II } correspond to the orthonormal bases 
for the outside and inside regions of the event horizon respectively, 
the superscript on the kets {+, −} indicate the particle and an-
tiparticle vacua. In the same way, the only excited state can be 
described as
|1k〉+K = |1k〉+I |0−k〉−II , (11)
Here and after, we consider {|nk〉+I } and {|n−k〉−II } as {|n〉I } and {|n〉II} respectively for simplicity.
3. MIN for Dirac particles in the background of a GHS dilation 
black hole
In order to discuss quantum correlation, we assume Alice and 
Bob share a generically quantum state in ﬂat Minkowski space–
time. Alice has a detector only detects mode |n〉A , and Bob has 
another detector sensitive only to the mode |n〉B . At one moment, 
Alice remains at the asymptotically ﬂat region but Bob freely falls 
toward a GHS dilation black hole and then hovers near the event 
horizon. In essence, due to the Hawking effect, Bob’s detector will 
detect a thermal Fermi–Dirac distribution of particles as he tra-
verses the Kruskal vacuum. That is, the mode |n〉B must be spec-
iﬁed in the coordinates of the GHS dilation black hole in order to 
describe what Bob sees in this curved space–time. The Hawking 
temperature felt by Bob can be expressed as T = 1/[8π(M − D)]. 
We choose Werner state [27] as the initial state
ρAB = 1− η
4
I + η∣∣ϕ−〉〈ϕ−∣∣, (12)
where |ϕ−〉 = (|01〉 − |10〉)/√2 is a maximally entangled state and 
the parameter η ∈ [0, 1]. Note that Werner state is an entangled 
state in the case of η > 13 , while is a disentangled state for η ≤ 13 .
Meanwhile, we can rewrite Eq. (12) in terms of Minkowski 
modes for Alice and Kruskal modes for Bob based on Eqs. (10) and 
(11). The part of physical accessible comes from A and B I since 
280 J. He et al. / Physics Letters B 756 (2016) 278–282Fig. 1. (Color online.) (a) The contour plot of physically accessible MIN versus dilation parameter D and state parameter η with the ﬁxed ω and M . (b) Physically accessible 
MIN as a function of dilation parameter D for the case of η = 1 with the ﬁxed ω and M .the exterior region is causally disconnected from the interior re-
gion of the black hole. Taking trace over the state of the interior 
region, a density matrix can be obtained
ρABI = TrBII (ρABI BII )
= (1− η)[e−8(M−D)πω + 1]−1/4|00〉〈00|
+ [(1+ η) + [e8(M−D)πω + 1]−1(1− η)]/4|01〉〈01|
+ (1+ η)[e−8(M−D)πω + 1]−1/4|10〉〈10|
+ [(1− η) + [e8(M−D)πω + 1]−1(1+ η)]/4|11〉〈11|
− η[e−8(M−D)πω + 1]− 12 /2(|01〉〈10| + |10〉〈01|). (13)
On the other hand, MIN can be utilized to capture quantum 
correlation. Consider a bipartite quantum state ρ shared by two 
parts A and B with respective Hilbert spaces H A and HB . MIN is 
deﬁned as follows according to Luo and Fu [18]
MIN(ρ) = Max∏A
∥∥∥∥ρ −∏A(ρ)
∥∥∥∥
2
(14)
where the maximum is taken over the local von Neumann mea-
surements 
∏A = {∏Al } (l = 1, 2) that do not disturb ρ A in the 
sense that 
∑
l
∏A
l ρ
A∏A
l = ρ A . ‖ · ‖2 represents the Hilbert–
Schmidt norm with ‖Y‖2 = tr Y+Y .
For convenience, we introduce the arbitrary two-qubit states in 
the Bloch decomposition as
ρ = 1
4
[
I ⊗ I +
∑
i
xiσi ⊗ I +
∑
i
yi ⊗ Iσi +
∑
i, j
ti jσi ⊗ σ j
]
(15)
where σi, j (i, j = 1, 2, 3) are the Pauli matrices, I is the 2 × 2
identity matrix, the Bloch vectors {x1, x2, x3} and {y1, y2, y3} are 
xi = tr[(σi ⊗ I)ρ X ] and yi = tr[(I ⊗ σi)ρ X ], the correlation tensor t
is ti j = tr[(σi ⊗ σ j)ρ X ].
The density matrix deﬁned in Eq. (13) is a two-qubit X-shaped 
real state. A general real X-state as:
ρ X =
⎛
⎜⎜⎝
ρ11 0 0 ρ14
0 ρ22 ρ23 0
0 ρ23 ρ33 0
ρ14 0 0 ρ44
⎞
⎟⎟⎠ , (16)
where ρi j (i, j = 1, 2, 3, 4) are all real parameters. The characteriz-
ing parameters of X-state in Bloch decomposition can be expressed 
as [28]x3 = tr
(
σ Az ρ
X)= ρ11 + ρ22 − ρ33 − ρ44,
y3 = tr
(
σ Bz ρ
X)= ρ11 − ρ22 + ρ33 − ρ44,
t11 = tr
(
σ Ax σ
B
x ρ
X)= 2ρ14 + 2ρ23,
t22 = tr
(
σ Ay σ
B
y ρ
X)= −2ρ14 + 2ρ23,
t33 = tr
(
σ Az σ
B
z ρ
X)= ρ11 − ρ22 − ρ33 + ρ44,
x1 = x2 = y1 = y2 = t12 = t21 = t13 = t23 = t31 = t32 = 0. (17)
According to the Theorem 3 in Ref. [18], MIN can be acquired for 
two-qubit X states
MINA
(
ρ X
)=
{
1
4 (t
2
11 + t222) if x = 0
1
4 (t
2
11 + t222 + t233 − δmin) if x = 0
(18)
where δmin = min{t211, t222, t233}.
Then, through mathematical calculations, it is easy to obtain the 
MIN of physical accessible state
MIN(ρABI ) =
η2
2(1+ e−8(M−D)πω) . (19)
From Eq. (19), we know that the quantum correlation not only 
depends on the initial state, but also depends on the mass of black 
hole, dilation parameter, the frequency of the ﬁeld, and so on. 
It is worth emphasizing that MIN of physical accessible is equal 
to that of initial states in the limit of (M − D) → +∞, corre-
sponding to the situation that thermal Fermi–Dirac distribution of 
particles detected by Bob’s detector which is nonexistent. Besides, 
the physically accessible MIN vs D are plotted in Fig. 1 which 
shows how the dilation parameter would affect the properties of 
quantum correlation. It is not diﬃcult to ﬁnd that the physical ac-
cessible correlation decreases as the dilation parameter D growing 
monotonically. This indicates that the effect of black hole’s dilation 
makes the difference between pre- and post-measurement states 
become smaller, namely, the disturbance caused by local measure-
ments tend to feeble. What is interesting that, for the scalar ﬁeld, 
the quantum correlation is exactly zero when the Hawking tem-
perature is inﬁnite (M − D → 0), however, for the case of Dirac 
ﬁeld, the quantum correlation does not go to zero any more. The 
intrinsic reasons for this phenomenon are the differences between 
Fermi–Dirac and Bose–Einstein statistics and the principle of Pauli 
exclusion. For a system composed of Fermi particles, the quantum 
states cannot be inﬁnitely excited.
Since MIN can be introduced to indicate some properties about 
the nonlocality, it is necessary to discuss the relation between MIN 
and the violation of Bell-inequality. As an index for quantum non-
locality, Bell–Clauser–Horne–Shimony–Holt (Bell-CHSH) inequality 
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expressed as |〈BCHSH〉| = | tr(ρBCHSH)| ≤ 2, where
BCHSH = a · σ ⊗
(
b+ b′) · σ + a′ · σ ⊗ (b− b′) · σ ,
a, a′ , b, b′ are the three-dimensional unit vector and σ = σxi +
σyj + σzk.
According to the Horodecki criterion [29], for X states, utilizing 
the Bloch decomposition, the maximum violation of CHSH inequal-
ity can be simpliﬁed to
BMaxCHSH
(
ρ X
)= Maxa,a′,b,b′ tr(ρ X BCHSH)= 2
√√√√ 3∑
i=1
t2ii − δmin. (20)
Unexpectedly, we acquire an interesting result, namely,
BMaxCHSH
(
ρ X
)= 4√MIN(ρ X ). (21)
Thus, when MIN(ρABI ) > 0.25, the Bell-CHSH inequality is violated, 
it means that these exists nonlocal quantum correlation. Of course, 
if MIN(ρABI ) ≤ 0.25, it informs us that these have quantum cor-
relation but obey the Bell inequality. That is, we cannot be sure 
whether quantum correlation exists or not when the Bell inequal-
ity is not violated. Consequently, MIN can reveal more general 
properties about quantum system than Bell inequality.
An open question can be put forward: whether the lost cor-
relation is destroyed or transferred to anywhere? To solve this 
perplexing problem, we calculate the MIN of other possible bipar-
tite states which are physically inaccessible. By tracing over the 
exterior region mode B I and mode A respectively, the correspond-
ing density matrix can be obtained
ρABII =
[
(1− η)[e−8(M−D)πω + 1]−1 + (1+ η)]/4|00〉〈00|
+ [e8(M−D)πω + 1]−1(1− η)/4|01〉〈01|
+ [e8(M−D)πω + 1]−1(1+ η)/4|11〉〈11|
+ [(1+ η)[e−8(M−D)πω + 1]−1 + (1− η)]/4|10〉〈10|
− η[e8(M−D)πω + 1]−1/2/2(|00〉〈11| + |11〉〈00|) (22)
and
ρB I BII =
[
e−8(M−D)πω + 1]−1/2|00〉〈00|
+ [e8(M−D)πω + 1]−1/2|11〉〈11| + 1/2|10〉〈10|
− [e−8(M−D)πω + 1]−1/2
× [e8(M−D)πω + 1]−1/2/2(|00〉〈11| + |11〉〈00|). (23)
Similarly, MIN of the physical inaccessible states can be acquired
MIN(ρABII ) =
η2
2(1+ e8(M−D)πω) , (24)
MIN(ρB I BII ) =
1
4[1+ cosh[8(M − D)πω]] (25)
Notably, the quantum properties of ρB I BII have nothing to do with 
parameterη. The reason is that the initial subsystem B of Werner 
state, which can be obtained by tracing over subsystem A, is al-
ready irrelevant to parameterη. Meanwhile, from the Fig. 2 which 
plots all the bipartite MIN as a function of dilation parameter D , 
the physical accessible quantum correlation degrades while the in-
accessible correlations increase with the dilation parameter grow-
ing. Owing to monogamy of quantum correlations, the disappeared 
quantum correlation is redistributed to the physical inaccessible Fig. 2. (Color online.) All the bipartite MIN as a function of dilation parameter D
with the ﬁxed η and M .
Fig. 3. (Color online.) All the bipartite mutual information as a function of dilation 
parameter D with the ﬁxed η and M .
region, and a quantitative inequality is always tenable whatever 
the dilation parameter is, that is
MIN(ρABI ) +MIN(ρABII ) ≤
1
2
S(ρA) (26)
where S(ρ) = − tr(ρ log2 ρ) is the von Neumann entropy and 
ρA = trB(ρAB) denotes the reduced density operator of subsystem 
A. Besides, it is interesting that in the limit of M − D → 0, corre-
sponding to the case of inﬁnite Hawking temperature, the quantum 
correlations of ρABI and ρABII is identical.
Additionally, to better understand the information redistribu-
tion, we also investigate the all bipartite mutual information of 
the given system. For a bipartite system ρAB , the quantum mutual 
information can be deﬁned as [29]
I(ρAB) = S(ρA) + S(ρB) − S(ρAB) (27)
Through a series of calculation, we plot mutual information of 
all the bipartite states as a function of dilation parameter D in 
Fig. 3. It is not diﬃcult to ﬁnd that, just like the trends of quantum 
correlation, the mutual information of subsystem ρABI degrades 
while the others increase with the dilation parameter growing. If 
we accept the mutual information is a good measure for total cor-
relations, the difference between mutual information and MIN can 
be regarded as the classical correlation. By the further analysis, 
without surprising, we assure that the transfer is also occurred for 
classical correlation. As a consequence, a signiﬁcant conclusion can 
be reached: the lost quantum correlation, classical correlation and 
mutual information from mode A and mode B I is allocated to in-
accessible systems, especially between mode A and mode B I .
282 J. He et al. / Physics Letters B 756 (2016) 278–2824. Conclusions
In this article, we analytically investigate the quantum corre-
lation between two modes of a Dirac ﬁeld as detected by Alice 
who stays stationary at an asymptotically ﬂat region and Bob who 
locates near the event horizon in GHS dilation space–time. We 
choose Werner state as the initial state, which contains entangled 
state and unentangled state. The result indicates that the physical 
accessible correlation decreases as the dilation parameter increas-
ing monotonically. Due to the Pauli exclusion principle and the 
differences between Fermi–Dirac and Bose–Einstein statistics, the 
physical accessible correlation is not zero when the Hawking tem-
perature is inﬁnite, which is different from the scalar ﬁeld. Beyond 
this, the reason why the physical accessible correlation (including 
quantum and classical correlation) and mutual information are re-
duced is that they are redistributed to the physical inaccessible 
regions. In addition, the boundary of MIN related to Bell-violation 
is derived, which manifests that MIN is more general than quan-
tum nonlocality captured by the violation of Bell-inequality. Mean-
while, we provide a quantitative inequality about the redistribution 
of MIN and note that the inequality is always established whatever 
the dilation parameter is.
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